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Equilibrium or cyclic behaviour 
lead to vanishing gradients

Theorem: Consider a generic RNN and assume that it 
converges to a stable FP or k-cylce  ( ) with  as 
its basin of attraction. Then for every  the 

Jacobian  vanishes as . Moreover, the tangent 

vector  and thus the gradient of the loss function 

 will be bounded, i.e. will not diverge as .
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Problem setting

Reconstruction of chaotic dynamical systems (DS)

zt = f(Wzt−1 + Bst + h)

RNN

train generate

Observed DS Reconstructed DS

Training RNNs on chaotic data is hard

chaotic dynamics exploding gradients  
during training

Theoretical Framework
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fixed point or cylce
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chaotic behaviour

(for bounded orbits) 

λmax > 0

Jacobians

Training Dynamics

Jacobians required for training and RNN long-
term behaviour are closely linked
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determines long-term

behaviour

Training with exploding gradients:  
Sparsely forced BPTT
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Force the RNN every  time-steps 

onto observations 


τ

zt+1 = {
RNN(z̃t) if t ∈ 𝒯 = {nτ + 1}n∈ℕ0

RNN(zt) else .

τpred = log(2)/λmax

The learning interval  can be 
chosen in accordance  

with the Lyapunov spectrum

τ

Chaotic dynamics 
lead to exploding gradients

Theorem:  Suppose  that a generic RNN has a chaotic 
attractor  with  as its basin of attraction.  Then, for 

every orbit with  the Jacobians  connecting 

temporally distal states  and  ( ), the tangent vectors 

 and  thus the gradients of the loss function  will 

explode for .
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Introduction
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Results:Reconstruction examples:

blue: data, orange: LSTM reconstruction 


learning interval  too smallτ = 5  optimalτ = 30  too largeτ = 200

Sparsely forced BPTT allows the reconstruction of chaotic dynamical systems

(continues lines)


and significantly outperforms the classical approach of gradient clipping 

(dashed lines) 

Lorenz attractor Empirical temperature 
time-series [5]

RNNs are a promising  and increasingly popular tool for the 
analysis of neural recordings [2,3]


To trust in and interpret results obtained by training RNNs on neural 
data, we need to be certain they recover the underlying dynamics

-> dynamical systems reconstruction

Training RNNs is notoriously hard, especially if the data are governed 
by long and complicated temporal dependencies

-> exploding and vanishing gradient problem [1,4] 
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This training procedure

1) breaks trajectory divergence

2) alleviates the exploding 


gradient problem

τpred τpred

z̃t = (BTB)−1BTxt

The forcing signal is obtained by 
“inverting” the output layer

τpred

Rössler system
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